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EKOQNHXEIX g @
OEMA A @

Al.  "Eoto o cvvapmon £, n onoia eivar cuveyng og gvardraotnuo 4. Av f'(x) > 0 ce
kd0e ecmtepkd onpeio x Tov 4, T0TE VoL amodet T n f eivorl yynoimg avéovoa o

oMo 10 4.
Movaoseg 7
A2, Oewpnote TOV TOPAKAT® 1GYVPICUO:
«Kdabe ovvaptnon f, N omoia eivar cuveyy Xo, €lvan mopaywyiciun oto onueio
avTto.»
a. No yopoktnpicete TOV TOPOUTAVE 1GYXVPIGUO\ YPopoVvTag oTo TeTPAdd oag TO
yphupa A av gtvor aAnOng, 1 uo ¥ av etvatyevdnge. (povada 1)

B . Na orttohoynoete v amndvt G 01O sg M ul. a. (Lovddeg 3 )

\ Movaoss 4

} o¢ éva KAeloto Stdotnua [a, Bl;
Movaoss 4

A4. Noa yopaxtnpioere TAGELG ROV O vOoVV, YpAPovTag 6T0 TETPASIO Gag, Oi-
A0 OGTO YPALLLLOL VTiGtoyel np(’)racn, ™ AEN ZweTé av n TpoTaon ei-
etvo

A3.  Tlote Aépe 6T o cvvdpr elvatl cuveyG
! ;

vol 6moth, 1 A¢ 1 AovBaopéEW.

a) o kabe VAPTNO "Ro>Rxaurg: R—> R, av lim f(x)=0 xat
limg , T0Te lim [f(x)-g(x)] =0.
B) Av gtvan dvo ouvaptoelg pe media opicpov A, B avrtictoya, toten geof
v f(A)NB=.

dOs ocuvapmon f: R — R mov eivan mopaymyioyun kot dev mopovoidalet
apoTaTa, 1)Vl f(x) # 0 yio kabe x € R.
Av 0<a<1,1ote lim a* =+,

g) H ewova f (4) evog dwaotpatog 4 HESH HoG cuveyoLs Kot un otafepng cuvap-

mong f elval o1dotnua.
Movaodeg 10



®EMA B

B1. Noa mpocdiopicete ) cuvaptnon fog.
v Movaoseg S
, x€(0,1), va omoési&srrﬁ&

B2. Av h(x)=(fo g)(x):ln(liJ suvapmon  avit-
- X

Atvovton ot cuvapmoelg f(x)=Inx, x>0 kot g(x)= IL x#1.

oTpEPETOL KO va Bpeite TV avTioTpot Tne.
Movaosegs 6
B3. Av p(x)=h'(x)= xe T x e R, va pehemoete @pmm ¢ G TPOG T HOVOTO-
e’ +
via, To aKpOTOTA , TV KLPTOTNTA KOt TO O et C.
Movaoseg 7
B4. Na Bpeite 11¢ 0p1lovTIEG ACVUNTOTEG T APIKNG TOPACTOCNG TNG GLUVAPTNONG @
Kat va ) oyedidoerte. (H ypagpikn mopd oyedlooTel e OTVAO.)
Movaoeg 7

OEMA I @
Aivetarn covépmon f(x) =-n M@] - T _EJ

I't.  No amodeiete 6Tt VEAPFOV
oTOoNG TG f 7OV AyovT $ T teG Ko va Ppeite.
Movaoss 8

5:n—z—l ST0

2. Av()y=—x K@ = a1 ot evbeiec Tov epomuatog I'l, Tote va oye-
dboete TG (1) (£2) Ko 1 mopdactacn ¢ f, kot vo amodeitete OTl

E, 8
o [ s@u adOV TOV YWPIOL OV TEPIKAEIETAL ATTO TN YPAPIKY| TAPAGTACT TNG
f xorTig evbeieg (1), (&2) Ko

o 0 eufaddv Tov ympiov OV TEPIKAEIETAL OO T YPAPIKN TOPACTOCT) TG
v aéova x'x.
Movaosgs 6
. +
I3, o VTOAOYiGETE TO OP10 11mM .
o f(x)-x+mn
Movadeg 4
4" No amodeifete OT1 J.f(x)dx> e—1-m.
X
1
Movaoseg 7



OEMA A

Atveton n ouvdpmmon f(x) = {

Al.
A2.

A3.

A4.

Jx*, xe[-1,0)

enux, xe[0,n]

Na deiéete 0TL 1 cuvapnon f eivor cvveyng oto ddoTnua —Wm va Bpeite ta
Kpioia onpeia tg.

Movaoseg S

No pelemoete ) cuvapmnon f ¢ TPog TN LovoTovia, axpoétaTo Kot va Ppeite

TO GUVOAO TIUAOV TNG.

G

Movaosg 6
Na Bpeire 10 epfadov Tov ywpiov mov mepicheie O T YPaIKN TapdoTacn e f,
™ YPOPIKH Tapdotoon ™C g, He g(x) =™, , d&ova y'y Ko v gvbeia
X=T.

Movaosgs 6

3m 3n ,

No Moete v e&icwon 16e * f(x)—e X = 37:) =842

Movaoss 8



MAOHMATIKA

I' AYKEIOY
IMPOXANATOAIEMOY
9 IOYNIOY 2017
AITANTHXEIX g @
OEMA A
Al.  Bczwpia, Zek. 135 oyolkov BiAiov.
A2. a. ¥ @
B. H cuvépmon f(x) :|x , lvon cuveyng oto fgz 0, &0t lirr(} f(x)=0.
Opwg lim /=10 = lim X =1 , EVO
x—0" x—0 x0T X
A CIRrAC) BT S
x>0~ x—0 x>0 X

DOl

Apan fevo etvon cuveyng oto x, =0, dev eivan 1 oy

rteiun oto x, =0.

A3. Mia cuvaptnon eival cuveyNg ok £1610 Qwdotnpa [, B], Otav eivar cuveyng oe
Ka0e onpeio tov (a, B) Kot eTTTAEOY

Ad. o)A By A

O®GEMA B &
Bl. Eiva %7
f(x)=Inx <¥ too)= A,

N

, Xe(=o,)u(l,+0)=4,

g(x)=

PIGLOV NG cuvdaptNong fog sivat:

xe4,, wote g(x) e Af} = {x € (0,1)u(l, +x), dote IL € (0, +oo)} =

{x € (—o,1)U(l,+x), dote x(1-x) > 0} = {x € (-0, 1) U(l,+x), dote x € (0, 1)} =(0,1).

O t0mog g cvvaptnong fog eivat:

(fog)(x) = f(g(x))=In (ﬁj x e (0, 1).



B2. o) IMa va deiéovpe 0T M cvuvapmnon £ avtiotpépetal apkel va deifovpe Ot
etvan 1-1. Ieodvvapa:
Av h(x,)=h(x,) pe x,,x, €(0,1) va det&ovpe O11 X, =X, .

[Ipdyport:
AV h(x)=h(x,) < In| —2— |=In| -2
I-x I-x,
Opwcn f(x)=Inx etvar 1-1, dpa TpoxvmTeL
X X , ,
ﬁ= sz , apax, (1-x,)=x,(1-x), 1 @

1-—

1
X=X X =X = XX, X =X, @

B) Boto y=h(x)<=>x=h"'(y),x e (0, Soyikd £xovpe:

yzh(x)@yzln(—x j@_x PRIPIN
1-x 1-x

<:>x:(1—x)ey S x=er —xe”

<:>x(1+ey):

B3

>0, 7 ke x € R.

(@D (@ +1y

tvo yynoimg avéovoa og OAo o R kot dev €xel akpoOTaTOL.

(e Y @) ey et (e )]
ey’ (" +1)*

’

)

e +1)° ¢ [Z(ex - 1)} (e +1)
(e* +1)* -

@ Cef(e+1) —et2(e" +1)et
(e +1)°

_ex(ex+l)-[ex+l—2-eq_eX.(l_eX)__eX.(ex_l)
- (e* +1)* e+ (e +)




, e .
Etvot ——— >0 ywuxdbe x € R.

(1+e
Erorp"(x)=0 e - 1=0e =e"x=0
P"(X)>0 (- 1)>0e-1<0o e <’ ox<0

P" ) <0 —H("—-1)<0e-1>0e >’ x>0

H ¢ otpéget ta koika ave oto Sdotnpa (—,0], crpé(psum%g k61O 6TO

Siotnua [0,+ ), eved Topovcidlet oNpeio Kaummg 6To s o x, =0.

B4 Ot opldvrieg acOUnTOTEG TG @, OV VTAPYOLV, TPO omo TO Q) 11m o(x),
B) lim p(x)

a) lim ¢(x)=Ilim
X—>+0 a0 ¥ 117

B) lim ¢(x) = lim ") @
X—>—00 X—>—00 e +

1 0p1Y

Apamn evbeia y=0 (dov % } :
Cpa@ikn mopdotaon: @ 2




OEMAT

I'l.

Etvon f'(x) = —ovvx, x € [0, ]

‘Eote M(x, yo) onueio emaeng pe xo € [0, wt], T0Te 1 eQamTopévn eva:
(e): y —f (x0) = f"(xo0)(x — X0)

A € (8): ya—f(xo) =1 (x0)(xa — Xo)

T T 0\ ; ;
——+Nux, = —GLVX, (E—xo)

2
T T
&> ——+MxX, = ——GCLVX, + X,CUVX,
2 2
T T

= —E+npxo +Ecvvx0 —x,00vx, =0 (1).

Oa &yovpe TO0EG epamTOpEVEG eVBeie, 0oeg Mggic avaipTotya g (1) g Tpog Xo.
Oempovpe T ocvvaptnon K, pe

K(x):—§+nux+gcvvx—xcvvx, x €[0,m]
K'(x) = cuvx —gnpx — (ovvx — xnux)

—xnwc—gnwc nw{

K'(x)= nux x——, xE[O :
Eretoqnux >0y x € @mx 'Q Ea xe(o,E

T
x——>O Y X €

>

TPOKVTTEL O EENGIELV petafoha E w v K:
l
\?& 0 2 T
S K ? +
K(X) mln / 0

O

—J -1-Z <o,
2 2
@ poxvmrel 6T M K(x) £xel cOvoAo TIH®VY TO O1doTNHa {1 —g, 0} , EVO undeviCerat

uovo octo onueia x;, =0, x, =7.
Anradn vadpyovv 600 akpPac epamTopeVeS TOL dyovtal amd 1o A:
IN'o x, =0: y+nuo0= —cva(x—O) <Sy=-x (g)

lNa x,=7: y+nue=—cvva(x—n) < y=x-7 (g,)



12
% B (n,0)
0 (0,0) E>

.

N
2 A

Enedn f(x) <0y xe[0,7] eivar @
B, =—[ /() = [ —nuurelx =[ " muxd =

= [—cvvx]g =— [cvvx]g =—(ovvz —ovv0) =

= —(—1—1) =21.0

2
To epPadov Tov Tpryddvov OAB 160Ut pe En- ?
O

Elz(OAB)—Ezz%—z .

E =-2 7
E, 2 8 Q
I'3.  Eivau % '

oyfua tov gpotuotoc I'2 Tpokidmrel 0T apov N f elval kKupt 6TO
, €] < [0, ], Ba etvon "mdve" and kdbe epamTopévn ™G Apa, f(x) > x — 1 Y10 kdOe

A RS A . xell el
X X
S 1_£

Apa j%>]( J&ﬁj%>e—l—n[lnx]f:>

X

3j%>e—l—n(lne—lnl) 3j%>e—l—n
1 X 1 X



OEMA A

Al.

A2

a) Zto dtbompa [-1, 0) N f elvar cvveyng mg cuvBeon cuveydv.

B) Zto dtbompa (0, 7] f eivon emiong cuveyng MG YIVOUEVO GRVEYDV:
v)E&etdlovpe T cuvéyela oto x =0 i;
Eivar lim £(x) = lim 3x* =0
x—0" x—0"

kot lim 7 (x) = lim (e"qux) = 0= £/(0).
x—0" x—0"

Apan f etvor ovveyng oto x =0, ETOUEVOC GU

Kpiowa onpeia g f(ecmtepkd onpeio to 1) optopo¥ 6mov 1 f' dev
VIapYeL, eite undevilerta).

lNa -1<x<0: f(x)zi/FZQI(—x ! Z(—x)g f’(x):—g(—xy <0

INa 0<x< 7 f(x)=enue= f'(x
E&etalovpe av 1 f etvon mapayoyiow
Etvon

lim

x—0" X
x f—

kot lim / ) f(

x—0"

Apan f etvar mapoy GTO @ﬁ 0/ T0 onpeio x = 0 eivan kpioco onpeio.

Etvor f'(x)

Eivar % :
, \ cvvx#0 372- ,

lMa 0< var f'(x)=0 nux+ouvx =0 & scpx:—1<:>x:7 apov

Nu. etvor cuvx # 0, 81611 av cvvx = 0 Ba TpdkvrTe Ko X = 0,

Y0 TG PAGTKNC TPIYOVOUETPIKHS TavTOTNTAC NI’ X + 6LV X =1).

, , 3z
clo onpeia ta x=0, x =—.

ocuvapmon ¢ (x) = Mux + ovv x aeov givor cuveyng Kot pundeviCeton pdévo oo

3n , , , 3z 3z ,

x:T apo ce KobEva amd Ta SoeTNHOTA O,T Ko T?Z' Bo Swnpet
c100ePO TPOGN 0.

3
‘Etot, yio x = % = (p(%} >0= @(x)>0 ot0 (O, TZJ



Sxm Sxm 3z
Koty x:?:np e <0=¢(x) <0 ot0 T,n :

Apa, 10 TpOOHO TG [ Kol O HETAPOAEC TNG PAIVOVTOL GTOV TOPUKAT, TiVOKOL
3n

X’V -1 0 4 n/ @
A=~

T.M. TE. T

3 3
‘Etoy, m f etvau yv. avéovoa oto {OTE} Kat yvnoteg ¢eivovoa oto (—1,0], {Tﬂﬂ}

H f mapovcidlel Tomkd péyioto ota onpeio x: X =— K01 TomKO EAIYI0TO

octax=0«kolx=r.
, 3z -
Eivar f(-1) =1, f(0) =0, f{Tj:e“ =0.

Eneioq n f eivar cvveyng oto khelotd dtdotripa

10 [fmin, fmax], Omov
Jmin = OAMKO eldiytoto = min(f(0)

&t 37
>1l=e? >e'>2.

A3.  210[0, 7] si%Z ~f(x)=e “Nux = e (e4x_n“x).
Onmg, 11 e [03r] eivan

otnra 1oyvel poévov yla x = 0)

. T\ =
(n 160TNTO 1IGYVEL LOVOV Y10 X = Ej

nMX>0:>g(x)—f(x)>0.

2 — .[o” (g(x) - f(x))dx :J.O”(esx —exm,Lx)dx =

5 5

0



Etvan
I:Texnpxdxzi(ex),npxdx e npx ]Ee ocvvxdx =
0 0

V/

= —I(ex ),cvvxdx = —[excvvx] -

0

—y

enuxdx=e" +1-1

/a

e +

—_ <

Apa, woyvel 2l =" +1 1=

es”—l_e”+1
2

A4 A' Tpomog
H doopévn e&iomon ypaeeton dtadoyika E z

Apa, E=

16 (x)—(4x—37) =8J2-¢% &

<16 f(x)— 16(x—37”j :£ PEIPEN

\S)

H x= 3—” Tpoavnc piCa @n

2 37
o JTwx# —, EMEION ro TIUDV T {O,T-e 4 } EXOVE:

7” ~ 37
f(x) 37 % ﬂ

at advvarn. Emopévag, povadum piCa etvoun x =

)
@jocu@n eiomon ypdopetat S10.00y1Kd
37
F(x)-(4x=37) =82 ¢ *
16 f(x) - 16(x—3—”j =8/2- N

=—-¢@

f()( e



2 Z 3
Ouwg, o %-e t=f (—”j = f._.. oto ddotua [0, 7]

Apa, 1., #(x)—(x—%”j @

Kot emedn f,_ .. = f(x) yu x€[0,7] eivon

f(x)—(x—%[j > /(). xe[0.7] A ;
0<:>x:3—7[. @
4 @

2
3 3
Apa, x——”j <0 x-L=
4 4



